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theoretically predicted effects might be
overshadowed by magnetostatic interactions, which are relevant for magnetic
nanostructures.[11–14] The existing theory[9,19,20] is built on the assumption that
non-local magnetostatic effects can be
neglected and the behavior of the system
can be properly described when local
magnetostatics is taken into account as
an interplay of easy-plane and easy-axis
magnetic anisotropies.
Here, we check the validity of this
approximation by studying experimentally,
numerically, and analytically magnetic
equilibrium states in ﬂat parabolic stripes.
Rather large range of different geometries
is created with an arc length, L, of parabolic
stripes down to 500 nm. By tuning the
curvature and width of the stripes, we
monitor magnetic states using X-ray magnetic circular dichroism photoelectron emission microscopy (XMCD-PEEM), compare them with the results of full-scale micromagnetic
simulations, and correlate them with the phase diagram
calculated analytically.
Experimental Approach: To properly construct parabolic stripe
patterns with deﬁned geometrical properties, we used a
^ x þ ^y κ0 x2 =2 expansion along the normal
parabolic wire γ ¼ x
direction in the local curvilinear frame of reference, see Figure 1
(a). Each parabolic pattern was organized into a subgroup of four
parabolas each rotated by 90 to its neighbor. This makes it
convenient to investigate magnetic states of all four parabolas
simultaneously in the same ﬁeld of view of an X-ray microscope.
Two groups of parabolic patterns were realized with the arc
lengths L of 500 nm (group A) and 2 mm (group B). Parabolic
stripes of various geometrical parameters (stripe width W and
vertex curvature κ0) were fabricated by using electron-beam
lithography and ion beam etching of 10 nm thick permalloy
(Ni80Fe20) ﬁlm, see Figure 1(b). For protection the samples are
capped with a 2 nm-thick Ti layer. The ﬁlms were deposited
using electron beam evaporation (base pressure 108 mbar).
After fabrication, relevant geometrical parameters were checked
with scanning electron microscopy (SEM), see Figure 1(b), (c),
and (f).
To visualize the magnetization states, we used XMCD-PEEM
at BESSY II (beamline UE49-PGM, Helmholtz-Zentrum Berlin,
Germany) at the L3 absorption edge of nickel. The technique
provides information about the projection of the magnetization
vector onto the X-ray propagation direction. In the used set-up,

Curvature effects in magnetism offer appealing possibilities to obtain new
magnetic textures at the nanoscale due to the interplay between exchange
and magnetostatic interactions. Experimentally and theoretically, curvaturedriven changes of static magnetic properties in parabolic nanostripes have
been addressed here. The shape of a parabolic stripe is tuned to cover broad
range of widths and curvatures allowing to construct a phase diagram of
magnetic equilibrium states. For this, joint experimental, i.e., soft X-ray
imaging, and theoretical studies are carried out. Analytical calculations in the
framework, when non-local magnetostatic effects are neglected, coincide with
the experimental and simulation results in a broad range of parameters. The
results give confidence in the applicability of the existing theoretical
framework for further analytical considerations of equilibrium magnetization
states of curvilinear nanomagnets.

The interplay between geometry and topology is one of the
fundamental properties in soft and condensed matter physics,
including thin layers of superconductors,[1,2] superﬂuids,[3]
nematic liquid crystals,[4] cell membranes,[5] semiconductors,[6,7]
and magnetism.[8] In the emergent ﬁeld of magnetism in curved
geometries there are two exchange-induced curvilinear interactions, namely Dzyaloshinskii–Moriya and anisortopy interactions.[9] This leads to a number of remarkable theoretical
discoveries including magnetochiral effects,[9–15] topologically
induced magnetization patterns,[10,15] stabilization of individual
skyrmions[16] and skyrmion lattices[17] on curvilinear defects,
mesoscopic Dzyaloshinskii–Moriya interaction (DMI),[18]
coupling between chiralities in spin and physical spaces
in the case of Möbius ring[15] to name just a
few. The experimental validation of these exciting predictions
is still pending. Furthermore, there is a concern that these
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Figure 1. Construction of a parabolic stripe geometry from one dimensional parabola and imaging of magnetic states. a) Schematic picture of a stripe
creation from a one-dimensional wire by making width and height extensions along the curvilinear Frenet–Serret basis. b) SEM image of a parabolic
stripe array from group B (L ¼ 2 mm) with different stripe width W and vertex curvatures κ0. c) SEM image of one subgroup with four parabolas from the
group A (L ¼ 500 nm, W ¼ 122 nm, κ0 ¼ 0.021 nm1), their XMCD-PEEM images (d) and state reconstruction (e). f) SEM image, XMCD-PEEM contrast
(g) and reconstruction of magnetic states (h) for the case of a parabolic stripe with L ¼ 2 mm, κ0 ¼ 0.0146 nm1, and W ¼ 148 nm. In panels (e) and (h)
abbreviations “Hom” and “DW” denote homogeneous and DW states, respectively.

samples are irradiated with X-ray at a shallow angle of 16 . The
direction of the magnetic moment in the sample is colored by
blue, red, and white contrast, which indicates antiparallel,
parallel, and perpendicular alignment of magnetization vectors,
respectively, with respect to the X-ray beam direction. All
samples were demagnetized in a slowly decaying alternating
ﬁeld of 60 mT along the direction of the X-ray beam, in order to
ensure the appearance of equilibrium magnetic states.
XMCD-PEEM imaging of samples A and B reveal the
presence of the following contrasts in parabolic stripes:
 In the case of parabolic stripes, with symmetry axes aligned
perpendicular to the X-ray propagation direction, the XMCDPEEM contrast across the stripe is either red or blue with large
intensity change from the vertex point to the stripe ends, see
Figure 1(d) and (g). Such a change of the contrast indicates the
existence of a curvilinear homogeneous magnetization
distribution along the parabolic stripe, which has strong
XMCD signal at the vertex due to a small angle between the
magnetization and the beam direction, while at the stripe
ends, the inclination angles are close to 90 and the resulting
signal is small, see Figure 1(e) and (h).
 In the case of parabolic stripes with symmetry axes pointing
along the incidence direction of the X-ray beam, there are two
main kinds of XMCD contrast: dipolar contrast with a red–blue
or blue–red color change across each parabolic pattern, and
homogeneously colored red or blue contrasts, see Figure 1(d)
and (g). The dipolar contrasts correspond to the homogeneously
aligned magnetic moments along the stripe: at the ends, the
inclination angle of magnetization with respect to the X-ray
propagation direction is close to 0 or 180 , which provide strong
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XMCD signal, while at the vertex point magnetic moments
point perpendicular to the X-ray beam and do not have any
signiﬁcant XMCD contrast, see Figure 1(e) and (h). At the same
time, the appearance of a homogeneously colored contrast
corresponds to the existence of head-to-head or tail-to-tail
domain walls (DWs), which are situated at the parabola vertex
point. Due to the superposition of the nonhomogeneous
magnetic distribution along the stripe with its geometrical
curvature, the inclination angles between magnetic moments
and the X-ray incident direction are small and the resulting
XMCD signals from different parts of the stripe are of similar
strength, see Figure 1(d) and (e).
The resulting phase diagrams of the magnetization states for
both groups of parabolic stripes are shown in Figure 2. The
dominant state observed for the vast majority of parabolic stripes
is the curvilinear homogeneous state along the stripe (colored with
green rectangles, Figure 2). Sometimes DW state is observed,
which is indicated with blue-colored rectangles, Figure 2.
To interpret the obtained experimental data, full-scale
micromagnetic simulations are performed for Py parabolic
stripes with a nominal thickness of 10 nm and length of 500 nm
and 2 μm. For this purpose, we use a GPU accelerated ﬁniteelement package TetraMag[21] which is solving numerically the
Landau–Lifshitz–Gilbert equation. We use typical material
parameters for Py: saturation magnetization μ0 MS ¼ 1.08 T,
where μ0 is the vacuum permeability, and exchange constant
A ¼ 1:3  1011 J m1. The equilibrium states are determined as
the states with the lowest energy obtained from three different
initial magnetization distributions: homogeneous states along
^ and ^y -axes, and random magnetic distribution. For all
the x
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Figure 2. Phase diagrams of equilibrium magnetic states in parabolic stripes with L ¼ 500 nm (a) and L ¼ 2 mm (b) in dependence of geometrical parameters,
which were determined from the high resolution SEM data. Rectangles reflect to the results of XMCD and SEM scans of the samples, circles correspond to the
results of the full-scale micromagnetic simulations, the solid blue line shows the theoretically predicted boundary curve between homogeneous and DW
states, see Equation (8). The inset pictures show SEM images of particular patterns from groups A and B, with a scalebar of 200 nm.

simulations we used an elevated Gilbert damping α ¼ 0:5. The
parabolic stripe geometries are constructed by using same
expansion technique which were used for the experimental
pattern generation. The resulting phase diagrams of equilibrium
magnetic states are shown in Figure 2 (circles). We ﬁnd
that the curvilinear homogeneous magnetization state has a
lower total energy than any other magnetic state for a wide range
of geometrical parameters, see green circles in Figure 2. This
indicates that the curvilinear homogeneous state is the
equilibrium state in parabolic stripes, which agrees well with
the experimental results. Despite the fact that curvilinear DW
states have higher energies than homogeneous states, domain
walls reveal strong pinning at the vertex point of a parabolic
stripe, where their energy has a local minimum. This discussion
is in line with the theoretical study of the oscillatory behavior of
magnetic DWs at the vertex of one-dimensional parabolic
wires[22] and experimental investigation of domain wall pinning
in notches realized in nanorings.[23–26] In the case of wide
parabolic stripes with large curvatures DW state becomes an
equilibrium state, see blue circles in Figure 2.
Theoretical Approach: It has been shown recently that for thin
ﬁlms[20,27–29] as well as for thin shells,[20,30] the non-local
magnetostatic interaction can be replaced by a biaxial anisotropy
composed of an easy-plane and uniaxial terms. The ﬁrst term
favors the in-plane magnetization conﬁguration, while the
uniaxial one represents the shape anisotropy. With this
approach, the magnetostatic interaction is reduced to a local
interaction. Our aim is to check the validity of this approximation
for the calculation of the static equilibrium states for thin-ﬁlm
parabolic stripes with a large variety of geometrical parameters.
In the following we show that using the analytical model from
ref. [20], we could derive an analytical formula for the boundary
between different states appearing as equilibrium states in thinﬁlm parabolas.
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We consider a parabolic stripe as a one-dimensional system,
assuming that magnetization is uniform along the stripe crosssection and changes only along the stripe length. For further
geometrical consideration, it is convenient to use local
orthogonal frame of references: the Frenet–Serret basis
ðeT ; eN ; eB Þ with eT ðsÞ ¼ γ 0 ðsÞ, eN ðsÞ ¼ γ 00 ðsÞ=κðsÞ, and eB ðsÞ ¼
eT  eN being the tangential, normal, and binormal vectors,
respectively.
The total micromagnetic energy reads[20]
Z
E ¼ 4πM2s HW

L=2

dsfEex þ Ean g

ð1Þ

h
i


2
Eex ¼ ℓ2 jm0 j þ 2κðsÞ mT m0N  mN m0T  κðsÞ2 m2B

ð2Þ

Ean ¼  ka ðm  eT Þ2 þ kp ðm  eB Þ2

ð3Þ

L=2

where Ms is the saturation magnetization, m ¼ M/Ms is a
normalized magnetization vector, A is an exchange constant,
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

ﬃ
ℓ ¼ 2A= 4πM2s
is an exchange length, and κðsÞ ¼

3=2
2 2
is a coordinate-dependent curvature of a
κ0 1 þ κ0 x ðsÞ
parabolic wire. The normalized anisotropy coefﬁcients ka and kp
correspond to the easy-tangential and easy-plane types,
respectively, and in the case of magnetically soft materials
ka ¼ NN/2 and kp ¼ 1/2 – NN) where NN ¼ H=ðπW Þ lnðW=HÞ þ
3H=ð2πW Þ and refers to geometrically induced magnetostatic
contribution and plays a role of the demagnetization factor for
curvilinear systems.[20]
Using the angular parametrization m ¼ eT cos θ þ eN sin θ
cos ϕ þ eB sin θ  sin ϕ for the energy functional (1), we obtain
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the energy density in the following form
h
i
2
E ¼ ℓ ðθ0 þ κðsÞ cos ϕÞ þ ðϕ0 sin θ  κðsÞ cos θ sin ϕÞ2


þsin2 θ ka þ kp sin2 ϕ

ð4Þ

To ﬁnd equilibrium magnetization states, we use energyminimization technique δE/δθ ¼ 0 and δE/δϕ ¼ 0, which allows
us to determine the set of equations for θ and ϕ, which deﬁnes
the equilibrium state
ℓ2 θ00  ka sinð2θÞ þ ℓ2 κ0 ðsÞ cos ϕ0 ¼ 0

ð5Þ

ϕ ¼ ϕ0 ¼ 0; π

ð6Þ

parameters on the equilibrium magnetic states, we prepared
arrays of parabolic nanostripes with different geometrical
parameters. We established experimentally and numerically
that the homogeneous magnetic distribution along the parabolic
stripe is the equilibrium state for the entire range of investigated
geometrical parameters. Remarkably, the analytical model of the
one-dimensional wire with local magnetostatics revealed good
correspondence to the experimentally obtained results in a wide
range of geometrical parameters. This gives conﬁdence in the
applicability of the local magnetostatic model for further
analytical predictions.

Acknowledgments
For the case of a homogeneous magnetic state along the
stripe, one can assume θ00 ’ 0, which leads to the following
dependence
 2 0

ℓ κ ðsÞ cos ϕ0
1
θ ¼ arcsin
2
ka

ð7Þ

In the case of stripes with small curvatures κ0 ’ 0, the
equilibrium state corresponds to the strictly tangential homogeneous distribution along the stripe. Such state has the lowest
energy and, therefore, corresponds to the equilibrium state. In
the case of stripes with larger curvatures, κ0 starts playing a
signiﬁcant role in Equation (7) and the tangential state becomes
tilted, with
maximum deviation at the point
ﬃ
 pﬃﬃthe
xc ¼  1= κ0 5 . Subsequent increase in curvature leads to
the instability of the homogeneous solution (7), which starts
under the condition ℓ2 κ0 ðsÞ cos ϕ0 ¼ ka . This imposes geometric restrictions on the applicability of the model with local
magnetostatics. The resulting boundary curve, which separates
stable and unstable regions of the homogeneous state, has the
following form
6
κc ¼
5ℓ

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
 
1 H
W
3H
pﬃﬃﬃ
ln
þ
H
2πW
5 πW

ð8Þ

and is shown in Figure 2 with a blue line. The comparison of the
data summarized in Figure 2 reveals that the analytical description
does not agree well with the results of micromagnetic simulations
in the region of larger curvatures and stripe widths. Still,
remarkably, it covers almost the entire range of the experimentally
realized parabolas. The reason for the observed deviation is in the
strong assumptions of the analytical model. The main limiting
factor is that the description is done in the frame of the onedimensional local magnetostatic model. In contrast to full scale
micromagnetics, the analytical model cannot take into account the
inhomogeneous magnetization distribution at the stripe ends,
resulting from the reduction of the surface charges due to the
magnetostatic interaction, as well as the curvature change at
different edges of a parabolic stripe.
In conclusion, we investigated experimentally and theoretically the equilibrium magnetic states of soft magnetic parabolic
stripes. In order to check the inﬂuence of geometrical
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