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Within the framework of continuum theory, we draw a parallel between ferromagnetic materials and
nematic liquid crystals confined on curved surfaces, which are both characterized by local interaction
and anchoring potentials. We show that the extrinsic curvature of the shell combined with the out-ofplane component of the director field gives rise to chirality eﬀects. This interplay produces an eﬀective
energy term reminiscent of the chiral term in cholesteric liquid crystals, with the curvature tensor acting
as a sort of anisotropic helicity. We discuss also how the diﬀerent nature of the order parameter, a
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vector in ferromagnets and a tensor in nematics, yields diﬀerent textures on surfaces with the same
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configuration on a nematic spherical shell, favouring two antipodal disclinations of charge +1 on small
particles and four +1/2 disclinations of charge located at the vertices of a square inscribed in a great
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circle on larger particles.

topology as the sphere. In particular, we show that the extrinsic curvature governs the ground state

1 Introduction
Magnetic materials and liquid crystals are examples of materials with orientational order which give rise to textures whose
complexity is as beautiful as challenging to study. Their confinement to curved layers causes the emergence of geometryinduced eﬀects that are not usually observed in flat layers.
Recent advances in the theory of curvilinear magnetism have
highlighted a range of fascinating geometry-induced eﬀects in
the magnetic properties of materials.1–3 When confined to thin
curved domains, effective physical features arise from the
interplay between the curved geometry and magnetic texture.
According to continuum micromagnetic description of the
ferromagnetic media, the magnetic textures can be well
described by the vector order parameter m = M/|M|, which is
the normalized magnetization vector. The energy of the ferromagnet typically includes: (i) a short-range exchange energy
that penalizes the non-uniformity of the magnetization; (ii) an
anisotropic term that models the existence of directions preferred by the magnetization; (iii) a non-local term describing
the long-range magnetostatic interactions.
a
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When ferromagnets are confined in thin curvilinear layers,
the magnetic energy can be decomposed4 to reveal the emergence of geometry-induced anisotropy and geometry-induced
chiral interaction with emergent Dzyaloshinskii–Moriya interaction (DMI) as characteristic example. With this decomposition, a number of new effects in ferromagnetic spherical shells
have been studied including topological patterning and magnetochiral effects.1,3,5 Moreover, recent advances in experimental techniques have also made possible the manipulation
of these effects for the design of new functional materials and
applications for spintronics, shapeable magnetoelectronics,
magnonics, biomedicine, and soft robotics.1,3,5–7
Soft matter also provides an area in which the interplay
between geometry of the substrate and the order parameter
plays a crucial role. One example is provided by liquid crystal
(LC) shells.8 These are microscopic colloidal particles coated
with a thin layer of nematic LC, and have potential applications
as the topological defects (which may occur on them) can be
engineered to emulate the linear, trigonal and tetrahedral
geometries of carbon atoms9. This feature opens up the possibility to design meso-atoms with special optical properties
whose valence and directional-binding can be controlled.
Photonic lattices made of LC shells are the new frontier for
the manufacture of a new-generation optical cryptographic
devices.10
This paper imports some concepts from the theory of curvilinear ferromagnetism and adapts them to nematic shells. As
discussed in details in Section 2, one of the diﬀerences between
the two theories is the diﬀerent orientability of the order
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parameter. The free energy densities for ferromagnetic and
nematic shells are formally identical and in both theories they
can be decomposed it into the sum of four terms accounting for
the intrinsic and extrinsic geometry of the shell. In particular,
we shall show in Section 3 how the extrinsic curvature can
induce chirality in an achiral nematic liquid crystal. In Section
4, we determine numerically some equilibrium nematic textures on a sphere, some of which reproduce experimental
observations. We finally conclude with some remarks and
highlight some potential developments of our theory
(Section 5). The technical information regarding the rigorous
derivation of the free energy density and details on the numerical approach are contained in the Appendices.

2 Order parameters and orientability
Nematic LCs are aggregates of rodlike molecules. Within the
classic theory of nematics,11 the average microscopic molecular
orientation is described by a sole vector order parameter n
called the director. In the 1960s de Gennes introduced the
order-tensor theory which bases on the orientational probability distribution and provides measures of the degree of orientation and biaxiality. In its simplest form, this theory uses as state
variable a second-order symmetric traceless tensor Q ¼


1
s n  n  I ; with the scalar parameter s being the degree of
3
orientation that vanishes at points where there is no privileged
direction. Contrarily to the director theory, de Gennes theory
allows the study of nematic–isotropic phase transitions.
Most theories of nematic shells are based on energy functionals
defined on surfaces expressed in terms of vector12,13 or tensor14–16
order parameters. Theories in which the director field n is purely
tangential have the flaw that topological defects, i.e. points where
the director is not uniquely defined, inevitably arise on surfaces with
the same topology as sphere. Unavoidably, the energy blows up in a
neighbourhood of a defect. This flaw can be overcome by introducing a theory in which the tensor order parameter Q is tangential,
i.e. the normal to the surface is an eigenvector of Q corresponding to
the zero eigenvalue. In this framework, melting points (points at
which the degree of orientation vanishes) occur, and the energy is
finite over the entire domain. A different way to avoid singularities
within the director theory is to release the constraint that the
director field is tangential (as suggested by recent experimental
observations17,18), and to assign an energy cost to the out-of-plane
components of n. This hypothesis, first proposed in ref. 19, allows to
deal with smooth fields as topological defects revert into nonsingular disclinations. This alternative will be explored in this paper
and will allow us to compare the theories of ferromagnetic and
nematic shells. Note that in a more comprehensive framework,
fusion of the defect core and out-of-plane escape can be considered
simultaneously,20 as well as biaxial order reconstruction.21,22
In theories based on vector order parameters in which a
privileged direction is defined everywhere on the shell, due to
the diﬀerent orientability of the state variables, there is a
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fundamental diﬀerence between the response of ferromagnets
and nematics. For nematics, the head–tail symmetry of the
molecules is translated at the macroscopic level by the assumption that n must be indistinguishable from n. Roughly speaking, it is more appropriate to regard the director as a line
instead of an arrow.23,24 We may then conclude that no vector
order parameter can describe properly the mechanical response
of nematics. A tensor order parameter has to be introduced. For
this reason, in our attempt to determine the equilibrium
textures of a nematics on a curved shell S, we choose to use
the second-order alignment tensor N = n#n instead of the
director field n. Introduced the local orthonormal basis B ¼
fe1 ; e2 ; ng; where e1 and e2 are the principal directions on S and
n = e1  e2 is the unit normal to S, and expanding the director
field as n = n1e1 + n2e2 + n3n, the components of N form the
symmetric 3  3-matrix (Nij = ninj)i,j=1,2,3. Observe that n and N
are topologically different from each other. In fact, the set of
unit vectors is in one-to-one correspondence with the points of
the two-dimensional unit sphere S2 ; while the set of secondorder tensors in the form a#a, with |a| = 1, is in bijective
correspondence with the real projective RP2 plane which, as
known, is diffeomorphic to the quotient space of S2 under the
equivalence relation induced by the antipodal map. We also
note that using N as a state variable for nematics is equivalent
to fixing s = 1 in the Q-tensor theory.
We shall see that, given an energy density, taking the alignment
tensor N as the state variable allows a richer variety of equilibrium
textures than on using the director n as a macroscopic descriptor of
the orientation of nematic molecules. To justify this assertion,
consider a spherical shell. Due to the topology of the sphere, at
equilibrium, ferromagnets (whose orientation is described by a unit
vector) form vortices with integer topological charges, while
nematics (whose orientation is more appropriately described by a
second-order tensor) may form also vortices with half-integer topological charge. The diﬀerence in the possible topological charges of
a vortex between the two theories stems from the diﬀerent orientability of the state variables: arrows for ferromagnets, lines for
nematics.

3 Curvature-induced chirality
We start by considering an ordinary 3D nematics confined in a
thin layer. In the bulk the energy due to the distortion of the
molecular field is given by the celebrated Frank formula,25
while at the boundary a surface energy term promotes a
tangential alignment of the director field. As a result of a
dimensionality reduction conducted in Appendix B, such an
energy density approximates to the eﬀective surface energy
density
k
r
ws ðN; rs NÞ ¼ jrs Nj2 þ N  ðn  nÞ;
4
|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ} 2

(1)

Eex

where k 4 0 is the reduced elastic stiﬀness and r represents the
anchoring strength. The sign of r determines the direction of
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the easy axis. The easy axis is normal to the shell if r is negative,
tangential if r is positive. Denoting qi(i = 1,. . .,6) the components of N with respect to the local basis B in the Voigt notation
(see Appendix C for details), we can decompose the exchange
energy density of a nematics as
k
k
k ðgÞ
ðgÞ
Eex ¼ ðjg qi Þ2 þ Hij qi qj þ Dij kg Lij ;
4
4 ﬄ{zﬄﬄﬄﬄﬄ} |ﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄ}
4
|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}
|ﬄﬄﬄﬄ
E0

EA

(2)

EDM

where g = 1, 2, i, j = 1,. . .,6, and the symbol denotes the modified
tangential derivative.4 Except for the diﬀerent dimensions of
the vector spaces which q = (q1,. . .,q6) and the unit magnetization vector belong to, the exchange energy density (2) is
formally similar to the one for magnetic systems.26
This decomposition allows to separate the intrinsic eﬀects
from the spurious eﬀects due to the embedding of a 2D surface
into a 3D Euclidean space. In fact, the term E0 in the exchange
energy density (2) involves only covariant derivatives and hence
represents the intrinsic part of the exchange interaction. This
term is zero if and only if the alignment tensor is uniform in the
tangent plane. The other two terms, instead, account also for
the extrinsic curvature of the shell.
Since H is a symmetric 6  6-matrix whose elements are
functions of the principal curvatures only (see Appendix C), the
energy term EA in (2) couples the extrinsic curvature with the
alignment and induces anisotropic eﬀects. At each point, EA
reaches its absolute minimum when the texture is purely
tangential and the director field is aligned along the principal
direction with the smallest modulus of curvature. To explain
this point, observe that EA can be rewritten as EA ¼ k½k12 ð1 
with
q1 ; q2 2 T ¼ fðu; vÞ 2 R2 :u; v 2
q2 Þ þ k22 ð1  q1 Þ=2;
½0; 1; u þ v  1g; and check that, depending on the magnitude
of the moduli of the principal curvatures, it reaches its minimum in T for q1 = 1 or q2 = 1. As a particular case, since any
unit vector tangent to a sphere is principal, at each point on a
spherical shell EA attains its absolute minimum at any tangential alignment. In any case, the curvature-induced anisotropy
term is activated whenever the surface is curved. It combines
with anchoring potential, strengthening its eﬀects if r 4 0 and
weakening them if r o 0.
Observe that the intrinsic and anisotropic terms are present
also when considering purely tangential order parameters,13,16
while the occurrence of the energy term EDM is completely
novel in the theory of nematic shells. This term is responsible
for a curvature-induced chiral interaction. The Lifshitz invarðgÞ

iants of N, Lij ¼ qi jg qj  qj jg qi ; combines with the principal
ðgÞ

curvatures kg, with Dij being skew-symmetric matrices with
constant entries, giving rise to an anisotropic DMI with
geometry-dependent coeﬃcients. A term similar to EDM occurs
in the Landau-de Gennes theory of cholesteric LCs (which are
intrinsically chiral materials) and is responsible for the emergence of two-dimensional modulated states and the formation
of vortices or skyrmion lattices.27,28 In Appendix C we prove
that in terms of the components of the alignment tensor
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EDM reads
EDM ¼ k eija eab Lbg Nih jg Nhj ;

(3)

where Lbg are the components of the extrinsic curvature tensor.
Comparing (3) with the chiral term in the energy density (1) in
ref. 27 we realize that the role played by the (constant) helicity
q0 in cholesterics is here substituted by the second-order tensor
t = eabLbgea#eg. This tensor can be regarded as a sort of helicity
tensor which accounts for the anisotropy induced by the
extrinsic curvatures. The components of t with respect to the
local basis form B the 3  3-matrix
0
1
0
k2 0
½t ¼ @ k1 0 0 A:
(4)
0
0 0
From (4) it is easy to deduce that t is skew-symmetric on
spheres, symmetric on minimal surfaces.
A direct inspection shows that the essential ingredient for
the DMI, apart from curvature, is the existence of an out-ofplane component of the texture. The DMI term favours rotation
of the alignment around the normal direction, where the sense
of rotation, in both nematic and magnetic shells, is determined
by the sign of the principal curvatures. This term is instead
suppressed in purely tangential or purely normal textures. The
influence of surface geometry and easy axes on local interaction
terms is sketched in Fig. 2 in the paper by Sheka et al.4
In spherical ferromagnetic shells, the interplay between the
DMI term and the normal anisotropy (r o 0) is responsible of
the emergence of skyrmions states as perturbations of
hedgehogs-like ground states.29 Very recently, LCs skyrmions
have been realized as micron sized solitons in a chiral nematic
material confined between two parallel substrates.30
Note that, purely tangential field are admissible on surfaces
of genus one, while are not allowed on surface of genus zero.
Thus, on a spherical shell, except for the hedgehog configuration, all terms of the local interaction are unavoidably
activated.

4 Textures on spherical shells
We now address the equilibrium textures on nematic spherical
shells by the numerical minimization of the energy functional
(1) under appropriate constraints on the variables q’s (see
Appendix D). We have used a finite diﬀerences scheme with
constant steps a = p/40 for colatitude and longitude, and
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Dr = 2l, with l ¼ k=ð2rÞ being a characteristic length which
measures the scale over which the alignment tensor varies on
the shell at equilibrium, for the radius r A [0.4l,10l]. The
texture with the lowest energy results from the interplay
between the exchange and anchoring energies. For small
enough values of the ratio r/l the exchange energy dominates,
which leads to axisymmetric textures that are almost uniform
far from two small regions around two antipodal points where
the radial component (q3) is pronounced (Fig. 1(a–c)). This
configuration corresponds to the 3D onion texture in ferromagnetic spherical shells.31,32
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Fig. 1 Equilibrium textures on nematic spherical shells. (a) Energies of stable onion, trigonal, tetrahedral and squared configurations as functions of the
ratio r/l. Insets show the configurations of the nematic director field. Red spots mark the positions of disclinations of the tetrahedral texture. Longitudinal
(q1) and radial (q3) components of the onion configuration are represented by Kavrayskiy VII map projection in (b and c), where areas with diﬀerent
colours are separated by isolines. Longitudinal (q1) and colatitudinal (q2) components of the tetrahedral configuration are displayed in (d and e).
Longitudinal and radial components of trigonal and squared configurations are sketched in (f–i).

As the ratio r/l increases the role played by the anchoring
energy becomes more and more important, the nematics is
forced to align tangentially to the shell, and more complex
textures occur. We find that for r/l Z x E 6 the equilibrium
texture with four disclinations has lower energy than the onion
configuration (Fig. 1(a, d, e, h and i)). In particular, we have
found two stable configurations with four +1/2 disclinations:
one in which the disclinations are located at the vertices of a
square inscribed in a great circle (Fig. 1(h and i)), and the other
with disclinations situated at the vertices of a tetrahedron
(Fig. 1(d and e)). The former configuration (which, for brevity,
we shall henceforth refer to as the squared configuration) has
slightly lower energy than the latter, which is instead stable for
any r/l A [0.4,10]. This result is in disagreement with other
theoretical predictions in the literature on thin nematic
shells12,33 in which it is claimed that the tetrahedral configuration is the ground state on spherical shells of any radius. A
possible experiment with particles of diﬀerent sizes would
clarify this controversy. Instead, the metastability of these
solutions is in agreement with experimental observations8,34
and Monte Carlo simulations.35 It should be noted, that
theoretical models with the purely tangential alignment predict
that the configuration with two defects is unstable, in favour of
the tetrahedral configuration.12,36 Stable configurations with
two disclinations are instead reported for thick spherical shells
or spherical shells with non-uniform thickness.37,38
A fourth metastable solution we have tested numerically is
the trigonal configuration with three disclinations located at
the vertices of an isosceles triangle. One disclination has
topological charge equal to +1, the other two equal to +1/2
(Fig. 1(f and g)). The distance between the two +1/2 disclinations decreases as the ratio r/l decreases. The trigonal configuration has been experimentally observed and theoretically
predicted (within the Frank theory) in ref. 8. Unlike our findings, the theory proposed in ref. 8 explains that the mutual

This journal is © The Royal Society of Chemistry 2021

distance between the disclinations of the trigonal configuration
does not depend on the radius of the shell.
Textures with a single +2 disclination or with two antipodal
disclinations of charge +1/2 and +3/2 are configurations
observed in cholesteric LCs shells.39 Despite the presence of
the chiral term (3) in the energy, we found them unstable for
any r/l A [0.4,10].
Some of these shell textures computed on a sphere through
our model approach agree with those obtained using the Frank
2D theory,12 Landau-de Gennes 2D theory,15,40 Monte Carlo
simulation studies.41,42

5 Discussion and conclusions
Numerical results show that, although the energy density can
be regarded as being the same in the two theories with n and N,
the class of solutions admitted within the tensor theory is wider
than that of vector theory. Thus, while ferromagnetics can
admit only vortices of integer charge, nematics can also admit
those of half-integer charge. This aspect has already been
addressed in the literature of LCs. Indeed, Ball and
Zarnescu23 discuss the case of a nematic in a planar configuration, confined in a finite plane region with two holes.
Reporting their words: ‘‘. . .it turns out that there are continuous, even smooth, line fields for which it is impossible to
‘assign arrows to the lines’; that is, one cannot make a choice of
a vector out of each line in such a way that no discontinuity is
created’’. It is clear that discontinuous configurations are not
allowed as they require infinite energy.
When trying to force a field of vectors or lines on a surface S
with the topology of the sphere, discontinuities are unavoidable. Topological defects arise and, according to the PoincaréHopf theorem, the sum of the topological charges of all defects
on S must be equal to 2, the Euler-Poincaré characteristics of a
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sphere. The topological charge of each defect is an integer
multiple of 1/2. However, it must be said that defects might not
be the only points at which the solution lacks continuity. In
fact, while it is always possible to have a continuous field of
lines on the whole sphere (of course, excluding the points
where the defects are located), the same is not true for fields
of vectors. In particular, in the presence of a defect with
fractional charge there are unavoidably curves through which
the vector field is discontinuous. An example can be found in
the work of Vitelli and Nelson12 where such discontinuities are
branch cuts in the complex plane. So, assuming the points
where the defects are excluded, there would be more continuous configurations allowed with lines (nematics) than with
arrows (ferromagnets). When the field of lines or vectors can
escape from the tangent plane, topological defects no longer
exist. However, since out-of-plane escape has a certain energy
cost, the texture tends to lie on the surface when possible. For
topological reasons this is not possible at all points on a sphere
and, therefore, uplifts reverts to localized vortices that can have
diﬀerent structures depending on the theory. In other words,
the texture around a lifting point mimics that of topological
defects.
It is instructive to compare the eﬀects of curvature in nematic
LCs and magnetic shells. Both ferromagnets and nematics possess a
similar structure of the gradient-dependent part of the energy
density, which includes isotropic, anisotropic and chiral terms.
The latter enables a link between the tangent and out-of-plane
components of the vector order parameter. For spherical ferromagnetic shells, the ground vortex state is modified by the additional
turn of magnetization depending on the direction of the out-ofplane component, the so-called polarity-chirality coupling.43 A
broader set of stable textures in spherical nematic shells is stabilized
by the curvature-induced chirality.
We believe that the impact of this work goes beyond the
liquid crystals. In particular, we expect that the theory can be
extended to curvilinear antiferromagnets. These are be
described by several vector order parameters. In the simplest
case, the s-model allows antiferromagnets to be described by
the Néel vector.44 Being a direction by definition, in many cases
the Néel vector behaves like the nematic director and hence it
allows textures with fractional topological charges.45–48 The
concept of curvilinear antiferromagnetism has been introduced
in ref. 49. One can expect that curvilinear antiferromagnets
admit novel textures similar to those predicted here for
nematics.
In conclusion, we have introduced a novel theory for
nematic shells in which the optical axis is assumed not to be
purely tangential. Accordingly, we have observed the occurrence of novel curvature-induced eﬀects that have been
observed within theories for ferromagnetic shells. In particular,
the extrinsic curvature can be seen as a source of chirality
responsible for the onset of skyrmion- or meron-type nonlinear
waves. On the other hand, it must be said that the diﬀerence in
the orientability of the order parameters yields a class of
equilibrium solutions for nematics wider than that for
ferromagnets.
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Appendix
A

Diﬀerential operators

Let us assume that the nematic shell occupies a thin region V of
thickness h around a regular compact surface S. Let ns be the
normal unit vector field to S. We parametrize points in the bulk
through a coordinate set (u,v,x) such that
p(u,v,x) = pS(u,v) + xns(u,v),

(5)

where pS is the normal projection of p onto S, and |x|, with
x A [h/2,h/2], is the distance of p from the same surface. Such
a coordinate set is well defined in a finite neighbourhood of S.
Next, we introduce the principal curvatures k1s(pS) and k2s(pS) of
S at pS A S, and assume that
h

minðmaxfjk1s ðpS Þj; jk2s ðpS ÞjgÞ1 ¼ ‘:

pS 2S

(6)

For every fixed x A [h/2,h/2], eqn (5) defines a parallel
surface Sx = {pS + xns(pS):pS A S} located at distance |x| from S
with the unit normal vector field n:p 2 Sx 7!n s ðpS Þ. In this way,
the unit vector field n is defined on the entire region V. The
second-order tensor rn is symmetric. Its eigenvectors are
n (with a null eigenvalue) and the unit vector fields
ei :p ¼ pS þ xn s 2 V7!eis ðpS Þ ði ¼ 1; 2Þ;
with e1s and e2s denoting the principal directions fields on S.
The spatial gradients of the eigenvectors n, e1 and e2 are ref. 16:
rn ¼ 

c1s
c2s
e1  e1 
e2  e2 ;
1  xc1s
1  xc2s

re1 ¼ e2  x þ

re2 ¼ e1  x þ

c1s
n  e1 ;
1  xc1s

c2s
n  e2 ;
1  xc2s

where x = (O1e1 + O2e2),


O1s
xrs k1s  e2s
;
þ
O1 ¼ 
1  xk2s ð1  xk1s Þð1  xk2s Þ


O2s
xrs k2s  e1s
;

O2 ¼ 
1  xk1s ð1  xk1s Þð1  xk2s Þ

(7a)

(7b)

(7c)

(7d)

and O1s and O2s are the geodesic curvatures of the lines of
curvature on S.
The diﬀerential operator rs in (7d) is the surface gradient.
To introduce this diﬀerential operator in the most general
setting, let F be a smooth scalar, vector or tensor field defined
on S. Then the surface gradient of F is the tensor field resulting
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from the composition of the usual gradient of F and the
projection onto the tangent plane of S, P = I  ns#ns, namely

at each point p = pS + xns A V. We then parametrize the director
field as

rsF = (rF)P.

n = sin y cos je1 + sin ysin je2 + cos yn,

(8)

In analogy with the usual gradient operator, for a given vector
field u we define the surface divergence and the surface curl of
u as the trace of rsu and twice the axial vector corresponding to
the skew-symmetric part of rsu, respectively. In formulas we
have
divsu = trrsu = rsuP,

curlsu = ersu,

(12)

where, in view of ansatz (11), the angles y and j satisfy the
properties
y(p) = y(pS) and

j(p) = j(pS)

(13)

for all p = pS + xns A V.
From (7a)–(7c) and (12) the gradient of n is found to be
rn ¼ ðn  nÞ  ðrj  oÞ  n  ðrnÞn

where e denotes the Ricci alternator.
þ ðn  nÞrn 

B Derivation of the surface Frank-Rapini-Papoular energy
Let n be a unit vector, called the director, which represents the
average alignment of the molecules of the nematics. The
celebrated Frank formula25 for the elastic energy density (per
unit of volume) associated with the director distortion consists
of four terms

where, due to (13) and following the similar arguments as in
Appendix A in ref. 16,




rs ys  e1s
rs ys  e2s
(15)
e1 þ
e2 ;
ry ¼
1  xc1s
1  xc2s

(9)

where the constants K1, K2, K3, and K24 are called the splay,
twist, bend, and saddle-splay moduli, respectively. To ensure a
stable undistorted configuration of a nematic liquid crystal in
the absence of external fields or confinements, the three
moduli Ki(i = 1, 2, 3) must be non-negative, whereas the elastic
saddle-splay constant must obey Ericksen’s inequalities:50
|K24| r K2,

K2 + K24 r 2K1.

In the attempt to capture also the eﬀects of the boundaries
qS h/2 on the orientation of the nematic director, we consider
the energy functional resulting from the sum of the Frank
energy and the Rapini-Papoular surface anchoring energy51
ð
W ¼ wOZF ðn; rnÞdV

rj ¼





rs js  e1s
rs js  e2s
e1 þ
e2 :
1  xc1s
1  xc2s

(16)

The scalar fields ys and js on the right-hand sides of eqn (15)
and (16) are the restrictions of y and j to the surface S, namely
ys :pS 2 S7!yðpS Þ and js :pS 2 S7!jðpS Þ. From (7a), (7d) and
(14)–(16) it is evident that although the director field is
assumed to be constant along directions normal to S, its spatial
gradient does depend on the spatial variable x in the normal
direction n.
At x = 0 the parametrization of n (12) and (13) give the
restriction ns of the director field to the surface S,
ns = sin ys cos jse1s + sin ys sin jse2s + cos ysns,

(17)

while evaluating (7a)–(7d), (15) and (16) at x = 0 gives the
surface gradient of ns,
rs ns ¼ ðn s  ns Þ  ðrs js  os Þ þ n s  Lns

V

ð
r
þ
ðn  uÞ2 da;
4 Sh=2 [Sh=2

(14)

and

2wOZF ¼ K1 ðdivnÞ2 þ K2 ðn  curlnÞ2 þ K3 jn  curlnj2
þ ðK2 þ K24 Þ½ðrnÞ  ðrnÞT  ðdivnÞ2 

n  ðn  nÞn
 ry;
jn  nj

(10)

 ðn s  ns ÞL 

n s  ðn s  ns Þns
 rs ys ;
jn s  ns j

(18)

where
where the constant r represents the anchoring strength and u is
the unit outward normal to S h/2. The anchoring energy in (10)
penalizes the deviation of the molecules at the boundaries S h/2
from tangential directions if r is positive, from the normal
direction if r is negative.
Under the assumption (6) on the smallness of the thickness
of the region V occupied by the nematics, the energy functional
(10) approximates to a surface integral over S, with the integrand representing the surface Frank-Rapini-Papular energy
density. To prove this, we first assume that the director field
n does not vary along directions normal to S, that is it satisfies
the property
n(p) = n(pS)

This journal is © The Royal Society of Chemistry 2021

(11)

xs = O1se1s  O2se2s,

(19a)

L = c1se1s#e1s + c2se2s#e2s,

(19b)

are the vector parametrizing the spin connection on S, and the
extrinsic curvature tensor of S, respectively. Incidentally, we
recall that the mean and Gaussian curvatures of S are
defined as
1
H ¼ trL and
2

K¼

1
ðtrLÞ2  trðL2 Þ ;
2

(20)

respectively.
Recalling the definition of the parameter e (cf. (6)), from
(14)–(18) we deduce that (see Napoli and Vergori16 for details)
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rn = rsns + o(e) as e - 0,

(21)

Within the one-constant approximation (K1 = K2 = K3 = K and
K24 = 0 in (9)) the surface energy density (27) reduces to

whence
divn = divsns + o(e),

curln = curlsns + o(e)
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as e - 0.
With the parametrization (5) the volume element dV reads
2

dV = (1  2Hx + Kx )dAdx

(23)

where dA is the area element on S. On the other hand, on the
boundaries S h/2 the unit outward normal and the area element
are u = ns and
dA

h=2

¼


1

hH þ


h2
K dA;
4

(24)

respectively. In view of (6) the volume and area elements (23)
and (24) approximate to
dV = dAdx + o(e) and

dA

h/2

= dA + o(e)

(25)

as e - 0.
Finally, from (11), (17), (21), (22), (24) and (25) we
deduce that
W ¼

k
r
ws ¼ jrs ns j2 þ ðns  n s Þ2 ;
2
2

(22)

(28)

with k = hK.
C

Surface energy density in terms of the alignment tensor

In what follows we shall consider the surface energy density
(28), and, for simplicity of notation, we shall omit the subscript
s to n, e1, e2 and n.
We now show that the moduli of the surface gradients of the
director n and alignment tensor N = n#n are related
each other.
From the definition of surface gradient (8), the components
of the surface gradient of the alignment tensor are found to be
ðrs NÞijh ¼

@Nij
@ni
@nj
Plh ¼
Plh nj þ ni Plh
@xl
@xl
@xl

(29)

 ni;h nj þ ni nj;h :
(In (29), and in the subsequent formulas, the Einstein summation convention is used.) Since ni2 = 1 (the director is a unit
vector), we deduce that
nini;h = (ni2);h  nini;h = nini;h - nini;h = 0,

ð

wOZF ðn; rnÞdV

which combined with (29) yields

V

þ

¼

ð

r
ðn  n s Þ2 dAh=2 þ
Sh=2 4

ð h=2 ð
h=2

ð

jrs Nj2 ¼ Nij;h2 ¼ ni;h2 nj2 þ 2ni ni;h nj nj;h þ ni2 nj;h2

r
½n  ðn s Þ2 dAh=2
Sh=2 4


2
@ni
¼ 2ni;h2 ¼ 2
Plh ¼ 2jrs nj2 :
@xl


wOZF ðn; rnÞð1  2Hx þ Kx2 ÞdA dx
S



r
h2
ðn  n s Þ2 1  hH þ K dA
þ
4
S4


ð
r
h2
ðn  n s Þ2 1 þ hH þ K dA
þ
4
S4

ð
ð h=2 ð
r
ðns  n s Þ2 dA þ oðeÞ
wOZF ðns ; rs n s ÞdA dx þ
¼
h=2
S
S2
ð n
o
r
h wOZF ðns ; rs ns Þ þ ðns  n s Þ2 dA þ oðeÞ as e ! 0:
¼
2
S
(26)
ð

We have then proven that W

Ws ¼

Ð

S ws dA;

(30)

In view of this identity, the surface energy density (28) can be
rewritten in terms of the alignment tensor as
k
r
ws ¼ jrs Nj2 þ N  ðn s  n s Þ;
4
2

(31)

On the other hand, with respect to the local basis {e1,e2,e3 = n}
on S, the surface gradient of the alignment tensor reads
rsN = [rsN(ei#ej#eg)](ei#ej#eg),

(32)

where, Latin indices range from 1 to 3, Greek ones from 1 to 2
(rsN(ei#ej#n) = 0 for all i,j = 1, 2, 3), and
rs N  ðei  ej  eg Þ ¼ rg N  ðei  ej Þ
(33)
¼ rg Nij þ Nhj ðrg eh Þ  ei þ Nik ðrg ek Þ  ej :

with

In view of the symmetry of N we have that
2ws ¼ k1 ðdivs ns Þ2 þ k2 ðns  curls ns Þ2 þ k3 jns  curls ns j2
T

2

þ ðk2 þ k24 Þ½ðrs ns Þ  ðrs ns Þ  ðdivs ns Þ 

rgN(ei#ej) = rgN(ej#ei),
(27)

2

þ rðns  n s Þ ;
where ki = hKi (i = 1, 2, 3, 24) are, respectively, the re-scaled
splay, twist, bend and saddle-splay constants with the same
physical dimensions as energy per unit area.
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(34)

whence, with the aid of (7) evaluated at x = 0, we obtain
rg N  ðea  eb Þ ¼ jg Nab  ðN3b dag þ Na3 dbg Þkg ;

(35a)

rg N  ðn  eb Þ ¼ jg N3b þ kg ðNgb  N33 dbg Þ;

(35b)

rg N  ðn  nÞ ¼ jg N33 þ 2Ng3 kg ;

(35c)

This journal is © The Royal Society of Chemistry 2021
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and

where
jg Nab ¼ rg Nab þ ðeaz Nzb þ ebz Naz ÞOg ;

(36a)

jg Nab ¼ rg Nab þ ðeaz Nzb þ ebz Naz ÞOg ;

(36b)
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jg N33 ¼ rg N33 :

N22
p
ﬃﬃﬃ ¼ q2 ;
2N13 ¼ q5 ;

N33
p
ﬃﬃﬃ ¼ q3 ;
2N12 ¼ q6 ;

(37)

we can identify N with the vector q = (q1, q2, q3, q4, q5, q6).
Relations (37) are known as the Voigt notation. On using the
Voigt notation it can be proven that the space of second-order
tensors and the six-dimensional Euclidean vector space are also
isometric, whence |N|2 = |q|2, |rsN|2 = |rsq|2 and
ðjg Nij Þ2 ¼ ðjg qk Þ2 .
From (35)–(37) we obtain (after lengthy algebra)

ðgÞ

(38)

ðgÞ

where
jg q1 ¼ rg q1 þ

pﬃﬃﬃ
2Og q6 ;

(39a)

jg q2 ¼ rg q2 

pﬃﬃﬃ
2Og q6 ;

(39b)

D56ð1Þ ¼ 1:

k
k
k ðgÞ
ðgÞ r
ws ¼ ðjg qi Þ2 þ Hij qi qj þ Dij kg Lij þ q3 :
4
4
4
|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ} |ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ} |ﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄ} 2
¼E0

(42b)

¼EA

(43)

¼EDM

To find stable equilibrium configurations one has to
Ð
minimize the energy functional Ws ¼ S ws dA subject to
some constraints on the scalar fields q’s. In fact, since
q 1 ,. . .,q 6 are the components of the alignment tensor N =
n#n they must satisfy the following inequalities and
equations

q2 q3 

jrs Nj2 ¼ ½rg N  ðei  ej Þ2
¼ ðjg qi Þ2 þ Hij qi qj þ Dij kg Lij ;

pﬃﬃﬃ
2;

Finally, in view of (30), on using the Voigt notation the surface
energy density (28) becomes

(36c)

As known, the space of symmetric second-order tensors is
isomorphic to the six-dimensional Euclidean vector space.
Specifically, on setting
N
p11
ﬃﬃﬃ ¼ q1 ;
2N23 ¼ q4 ;

D24ð1Þ ¼ D34ð1Þ ¼

qi Z 0 (i = 1, 2, 3),

(44a)

q1 + q2 + q3 = 1,

(44b)

q42
q52
q62
¼ q1 q3 
¼ q1 q2 
¼ 0;
2
2
2

(44c)

Inequalities (44a) impose the non-negativeness of q 1 , q 2
and q 3 as these components of N are the squares of the
components of the nematic director n. Since n is a unit
vector, the trace of N must be equal to unity, which justifies
(44b). Finally, eqn (44c) together with (44a) and (44b) imply
that the components of N form a matrix with rank equal to
one as it has to be because the alignment tensor is of the
form n#n.
We conclude this section by observing that by using (35) the
energy density term EDM in (43) can be written also as

jg q3 ¼ rg q3 ;

(39c)

jg q4 ¼ rg q4  Og q5 ;

(39d)

EDM ¼ keija eab Lbg Nik jg Nkj :

jg q5 ¼ rg q5 þ Og q4 ;

(39e)

This expression allows a comparison between the Dzyaloshinskii–Moriya interaction term EDM and the chiral term in the
energy density (1) in ref. 27.

jg q6 ¼ rg q6 

pﬃﬃﬃ
2Og ðq1  q2 Þ;

(39f)

ðgÞ

Lij ¼ ðqi jg qj  qj jg qi Þ;

(40)

H ¼ ðHij Þi; j¼1;:::;6 is the symmetric sixth order matrix
0

2k12

B
B0
B
B
B
B 2k12
B
H¼B
B0
B
B
B
B0
@
0

On a spherical shell of radius r the local basis formed by the
principal directions and the unit normal is {ej,ey, er}, with er,

2k12

0

0

0

2k22

2k22

0

0

0

2k22

2ðk12 þ k22 Þ 0

0

0

0

0

k12 þ 4k22

0

0

0

0

0

4k12 þ k22

0

0

0

0

0

k12 þ k22

ðgÞ

the independent non-zero entries of which are
pﬃﬃﬃ
2;

Surface energy density on a spherical shell

0

and DðgÞ ¼ ðDij Þi; j¼1;:::;6 (g = 1, 2) are skew-symmetric matrices

D15ð1Þ ¼ D35ð1Þ ¼

D

D46ð1Þ ¼ 1;

This journal is © The Royal Society of Chemistry 2021

(42a)

(45)

1
C
C
C
C
C
C
C
C
C
C
C
C
C
A

(41)

ey and ej being the radial, co-latitudinal and longitudinal
directions, respectively, the principal curvatures are kj = ky =
1/r and the vector parametrizing the spin connection is
X = (cot y/r)ej. Therefore, for a spherical shell the energy
density terms E0 , EA and EDM , and the whole energy density
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FDM counterpart of the function f (y,f) on a sphere, then

(43) read, respectively,
E0 ¼

k
4r2

pﬃﬃﬃ
2
q1;j csc y þ 2q6 cot y þq1;y 2

f ðiDy; jDfÞ ¼ f ij ;
f ðy ¼ 0Þ ¼ f 0 ;
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pﬃﬃﬃ
2
þ q2;j csc y  2q6 cot y þq2;y 2

f ðy ¼ pÞ ¼ f N ;

i ¼ 1; . . . ; N  1;

2
þ q3;j 2 csc2 y þ q3;y 2 þ q4;j csc y  q5 cot y

(47)

j ¼ 0; . . . ; M  1:

Integration of Ws is performed using the double Riemann sum
method. We minimize the function Wtot = Ws + Wp using the
conjugate gradients method with the penalty function
(


X
2 2
ð1  qij1  qij2  qij3 Þ2 þ 2qij1 qij2  qij6
Wp ¼ L

2
þ q4;y 2 þ q5;j csc y þ q4 cot y þq5;y 2

h
i2
pﬃﬃﬃ
þ q6;j csc y  2ðq1  q2 Þ cot y þq6;y 2 ;

ij

EA ¼

EDM ¼

 4q1 q3  4q2 q3 Þ;

h
2 i2
þ L ð1  q01  q02  q03 Þ2 þ 2q01 q02  q06


k nhpﬃﬃﬃ
2 q1 q5;j  q5 q1;j  q3 q5;j þ q5 q3;j
2r2

where L = 103. To avoid saddle points of Wtot, the multiplier q3
is replaced by 1  q1  q2 in the anchoring term.
To test the stability of the equilibrium configurations, we
have parametrized the tangential initial texture through an
angle s as
pﬃﬃﬃ
q1 ¼ cos2 s; q2 ¼ sin2 s; q6 ¼ 2 sin s cos s;
(49)
q3 ¼ q4 ¼ q5 ¼ 0:

and

pﬃﬃﬃ
pﬃﬃﬃ
2q1  2q3 þ q4 cot y

þ q2;y 

pﬃﬃﬃ
2q4

þ q4;y þ

pﬃﬃﬃ
pﬃﬃﬃ
2q2  2q3

þ q3;j csc y þ

2

þ q2;j csc y 

pﬃﬃﬃ
2q5

2

2

þ q3;y þ

2

2

pﬃﬃﬃ
2q6 cot y
pﬃﬃﬃ
2q4

2

2

þ q4;j csc y  q5 cot y þ q6

2

2
2
r
þ q5;y þ q6 þ q6;y  q5  þ q3 :
2
(46)

E

Simulations

To determine the equilibrium configuration of nematic molecules, we numerically minimize the energy functional Ws with
energy density as in (46). To do this, the continuous fields ql, l =
1,. . .,6 are replaced by their discrete counterparts on a finite
diﬀerence mesh (FDM) with constant steps along the longitudinal and colatitudinal directions Df = 2p/M and Dy = p/N,
respectively, where N 4 1 and M 4 1 are integer numbers
determining discretization of the mesh. If fij represents the
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(48)


h
 i2 h N N
2 i2
N
N 2
;
þ 2qN
þ 2q3 q1  qN
2 q3  q4
5

pﬃﬃﬃ

2 q2 q4;y þ q4 q3;y  q4 q2;y  q3 q4;y

 q5 q6;y þ q6 q5;y ;

þ q5;j csc y þ


2 2

h
 i2
N
N 2
þ ð1  q01  q02  q03 Þ2 þ 2qN
1 q2  q6

þ

pﬃﬃﬃ
pﬃﬃﬃ
k
½ðq1;y Þ2 þ q1;j csc y  2q5  þ 2q6 cot yÞ
2
4r
pﬃﬃﬃ
pﬃﬃﬃ
2
þ q6;j csc y  q4  2q1 cot y þ 2q2 cot y


þ 2qij3 qij1  qij5

h
2 i2 h 0 0
2 i2
þ 2q02 q03  q04
þ 2q3 q1  q05

 q4 q6;j þ q6 q4;j csc y
hpﬃﬃﬃ
i
þ
2q4 ð2q1  q2  q3 Þ  3q5 q6 cot y

ws ¼


2 2

)

k
2q12 þ 2q22 þ 4q32 þ 5q42 þ 5q52 þ 2q62
4r2


þ 2qij2 qij3  qij4

For the onion configuration s = p/2, and the relaxed state is
shown in Fig. 2.
For the initial state with four +1/2 disclinations at the
vertices of a tetrahedron


1
y
y pﬃﬃﬃ
y
s ¼ arg 4ieif cos3 sin  2e2if sin4 ;
(50)
2
2
2
2
and the relaxed state is shown in Fig. 3.
For the initial state with four +1/2 disclinations at the
vertices of a square inscribed in a great circle
"rﬃﬃﬃ
#
1
7
s ¼ arg
sin yðcos f þ i cos y sin fÞ ;
(51)
2
2
and the relaxed state is shown in Fig. 4.
For the initial state with three disclinations, one with
topological charge equal to +1 and the other two equal to +1/
2 the angle s is given by



1
y 1
y
s ¼ arg 2ie2if sin4  sin2
;
(52)
2
2 2
2
and the relaxed state is shown in Fig. 5.
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Fig. 2 Onion configuration of the nematic director on the sphere of radius r = 4l l ¼
Components of alignmenttensor tensor N.

Soft Matter

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k=ð2rÞ . (a) Flux lines of the director field on the sphere. (b–d)

Fig. 3 Tetrahedral configuration on a sphere of radius r = 10l. The four + 1/2 disclinations are located at vertices of tetrahedron (a–d). The components
of the alignment tensor N are sketched in (e–g).

Fig. 4 Squared configuration on a sphere of radius r = 10l. The four + 1/2 disclinations located at the vertices of a square inscribed in a great circle (a–d).
The components of the alignment tensor N are sketched in (e–g).

This journal is © The Royal Society of Chemistry 2021
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Fig. 5 Trigonal configuration on a sphere of radius r = 8l. One +1 disclination and two +1/2 disclinations are located at the vertices of an isosceles
triangle inscribed in a great circle (a–c). (d) Topologically trivial configuration at the south pole. (e–g) The components of the alignment tensor N are
sketched in (e–g).

Fig. 6

Energy contributions for the diﬀerent equilibrium configurations. (a) Exchange energy. (b) Anchoring energy. (c) Penalty Wp to satisfy constraints (44).

The exchange and anchoring energies, and penalty Wp of the
stable equilibrium configurations are shown in Fig. 6. The stability
of the nematic configurations has been tested with step D(r/l) = 0.4
for r/l A [0.4,4], with step D(r/l) = 2 for r/l A [4,10].
We conclude by observing that for r/l t 2 the exchange energy of
the onion configuration is small and tends to zero as r/l approaches
zero. This means that for small values of r/l the director field tends
to be uniform in space.

Acknowledgements
D. S. acknowledges the financial support by German Research
Foundation (DFG) via Grant No. MC 9/22-1. The work of G. N.

10332 | Soft Matter, 2021, 17, 10322–10333

and L. V. has been funded by the MIUR (Italian Ministry of
Education, University and Research) project PRIN 2017,
‘‘Mathematics of active materials: From mechanobiology to
smart devices’’, project no. 2017KL4EF3, and partially supported by GNFM of Italian INdAM.

Notes and references
1 R. Streubel, P. Fischer, F. Kronast, V. P. Kravchuk,
D. D. Sheka, Y. Gaididei, O. G. Schmidt and D. Makarov,
J. Phys. D: Appl. Phys., 2016, 49, 363001.

This journal is © The Royal Society of Chemistry 2021

View Article Online

Published on 29 October 2021. Downloaded by UNIVERSITAT BAYREUTH on 12/1/2021 7:09:02 PM.

Paper
2 E. Y. Vedmedenko, R. K. Kawakami, D. Sheka,
P. Gambardella, A. Kirilyuk, A. Hirohata, C. Binek,
O. A. Chubykalo-Fesenko, S. Sanvito, B. Kirby, J. Grollier,
K. Everschor-Sitte, T. Kampfrath, C.-Y. You and A. Berger,
J. Phys. D: Appl. Phys., 2020, 53, 453001.
3 D. D. Sheka, Appl. Phys. Lett., 2021, 118, 230502.
4 D. Sheka, P. Pylypovskyi and O. V. An Landeros, et al.,
Commun Phys, 2020, 3, 128.
5 R. Streubel, E. Y. Tsymbal and P. Fischer, J. Appl. Phys., 2021,
129, 210902.
6 D. Makarov, M. Melzer, D. Karnaushenko and
O. G. Schmidt, Appl. Phys. Rev., 2016, 3, 011101.
7 P. Fischer, D. Sanz-Hernández, R. Streubel and
A. Fernández-Pacheco, APL Mater., 2020, 8, 010701.
8 T. Lopez-Leon, V. Koning, K. B. S. Devaiah, V. Vitelli and
A. Fernandez-Nieves, Nat. Phys., 2011, 7, 391–394.
9 D. R. Nelson, Nano Lett., 2002, 2, 1125–1129.
10 Y. Geng, J. Noh, I. Drevensek-Olenik, R. Rupp, G. Lenzini
and J. P. F. Lagerwall, Sci. Rep., 2016, 6, 26840.
11 E. G. Virga, Variational Theories For Liquid Crystals Variational Theories For Liquid Crystals, Chapman-Hall, London,
1994.
12 V. Vitelli and D. R. Nelson, Phys. Rev. E: Stat., Nonlinear, Soft
Matter Phys., 2006, 74, 021711.
13 G. Napoli and L. Vergori, Phys. Rev. Lett., 2012, 108, 207803.
14 P. Biscari and E. M. Terentjev, Phys. Rev. E: Stat., Nonlinear,
Soft Matter Phys., 2006, 73, 051706.
15 S. Kralj, R. Rosso and E. G. Virga, Soft Matter, 2011, 7,
670–683.
16 G. Napoli and L. Vergori, Phys. Rev. E: Stat., Nonlinear, Soft
Matter Phys., 2012, 85, 061701.
17 G. Durey, Y. Ishii and T. Lopez-Leon, Langmuir, 2020,
36, 9368.
18 J. Noh, Y. Wang, H.-L. Liang, V. S. R. Jampani, A. Majumdar
and J. P. F. Lagerwall, Phys. Rev. Res., 2020, 2, 033160.
19 P. E. Cladis and M. Kléman, J. Phys. France, 1972, 33,
591–598.
20 A. L. Susser, S. Harkai, S. Kralj and C. Rosenblatt, Soft
Matter, 2020, 16, 4814–4822.
21 N. Schopohl and T. J. Sluckin, Phys. Rev. Lett., 1987, 59,
2582–2584.
22 G. Carbone, G. Lombardo, R. Barberi, I. Muševič and
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